The indeterminacy evaluation is an effective method for system identification; it can predict the mechanical behaviors of flexible structures in the primary design. However, the conventional indeterminacy evaluation based solely on geometry and topology has neglected the influence of material properties on mechanical behavior and the contribution of each component to the total indeterminacy. To address these issues, a distributed indeterminacy evaluation taking account of the effect of component stiffness was carried out with a view to providing reasonable interpretations and feasible applications for two concepts, i.e., the distributed static indeterminacy (DSI) and the distributed kinematic indeterminacy (DKI). A unified method for the DSI is proposed, and a comparative analysis between this and an existing method revealed that the proposed method has a wider range of applicability and is essentially identical in the kinematically determinate case. It can be concluded that since the DSI is representative of symmetric properties, a simple but efficient grouping criterion can be established which can improve the efficiency of the specific force finding method entitled double singular value decomposition (DSVD). On the other side, an evaluable method for the DKI is proposed suggesting that DKI is a useful indicator for the assessment of nodal mobility and can provide a feasible solution to the form transforming study.
Introduction
Flexible structures with a diversity of structural forms, such as Geiger domes, Levy domes, Panta domes, and tensegrities, attract great attention from civil engineers to meet the design requirements of large-space, light-weight, and novel architectures (Eriksson and Tibert, 2006; Pai, 2011; Zhang et al., 2013) . A crucial step of the structural design is the system identification, targeting a preliminary prediction for the mechanical performance. If a structure is identified as a statically and/or kinematically indeterminate assembly, this implies that the mechanical behavior of this structure is highly relevant to selfstress states (Chen et al., 2014) . Especially, the rigidity and the pre-stability of this structure is the result of a self-stress equilibrium between cables and struts (Ashwear and Eriksson, 2014) .the concepts of static and the kinematic indeterminacy was derived from these basic theories and regarded as an effective method for system identification. However, this evaluation took no account of the influence of material properties on the mechanical behavior, as well as the contribution of each component to the total degree of indeterminacy.
To address these issues, another insight into system identification can be gained from a distributed indeterminacy evaluation that incorporates the effect of component stiffness. Little in the literature has focused on the theoretical studies regarding distributed indeterminacy. For example, Ströbel (1995) and Ströbel and Singer (2008) presented the concepts of elastic redundancy (ER) and geometric redundancy (GR) attempting to describe structural properties from the standpoint of each component, which is closely related to the distributed indeterminacy discussed in this work. Moreover, Tibert (2005a; 2005b) proposed an analytical method for distributed static indeterminacy (DSI), as the definition of the ER did not always conform to Maxwell's rule and the modified Maxwell's rule.
Despite the different definitions, these theoretical derivations had a common feature, i.e., the obtained matrixes are identical in the kinematically determinate case. It is known that this matrix is representative of the inherent properties of structures and can be used to evaluate structural sensitivity (Ströbel, 1995; Tibert, 2005a; 2005b; Ströbel and Singer, 2008; Jiang et al., 2012) and robustness (or vulnerability) (Kou et al., 2008; Chen et al., 2010; Chen and Kou, 2013; Gao and Liu, 2013) . For sensitivity, this matrix was termed the redundancy matrix, while in the context of robustness it was referred to as the deformation matrix. By means of the deformation matrix, Chen et al. (2010) and Chen and Kou (2013) presented a transfer law and an importance coefficient of rigid joints that illuminated the redistribution of element forces or deformations produced by the removal of a certain element.
Although there emerged a few applications concerning the distributed indeterminacy, it has been found that the existing formula of the ER is limited to the kinematically determinate case, and the formula of the DSI seems ambiguous for lack of clear clarification. Additionally, a comparison between these formulas is indispensable to establish their inherent correlation, i.e., whether the results achieved by these methods are equivalent, or whether these methods are essentially identical. On the other side, little effort has been given to the concept complementary to the DSI, namely, the distributed kinematic indeterminacy (DKI).
In this paper, a distributed indeterminacy evaluation of flexible structures that incorporates the material properties is conducted systematically, including the static indeterminacy distribution and the kinematic indeterminacy distribution. The key objective of this work is to provide reasonable interpretations of the DSI and the DKI, and to develop their potential applications in engineering. To reach this objective, a unified method for the DSI that is valid in all cases is derived on the basis of equilibrium matrix theory, and then an evaluable method for the DKI is proposed for the first time to our knowledge. Finally, three examples are presented to verify the validity and accuracy of these theoretical derivations.
Distributed static indeterminacy
In this section, two analytical methods for the calculation of the DSI are provided: one will briefly be outlined for the provision of the definition, and the other will be adapted and improved from Tibert (2005a)'s study with necessary clarifications. In addition, these methods will be compared to reveal their inherent correlation.
Mathematical formula for DSI

A method based on minimum potential energy theory
The analytical method for the DSI originated by Ströbel (1995) was deduced on the basis of minimum potential energy theory; this whole derivation for the DSI was vitally concerned with the relationship between the element elongations and the element forces, while ignoring the effect of the external loads on the structural behaviors.
First, considering a 3D assembly with n nodes, b elements (struts and cables), and c kinematic constraints, the total potential energy function Π PE of the assembly can be established by (Ströbel, 1995) :
where 
where A (3n−c)×b is the equilibrium matrix, and B b×(3n−c) =A T is the compatibility matrix. For element elongations e, it should contain two terms: one is caused by external nodal loads f (Eq. (4)), and the other is the so-called initial elongation e 0 , i.e., 0 ,   e e Ft (5) where F=K −1 is the diagonal flexibility matrix. For the element forces t, a new expression can be obtained by substituting Eqs. (3) and (5) (6) where I b×b stands for an identity matrix. The above equation demonstrates that the element forces t can be divided into t p and t e 0 , where t p is generated by the external loads, and t e 0 is caused by the initial elongations. Since the whole derivation ignores the effect of external loads, the element forces t concerned herein can be expressed as:
where
which is termed the redundancy matrix or the deformation matrix. It is seen from Eq. (7) that matrix KΛ acts as a bridge between the change of element forces t and the input of the initial elongations e 0 . As the element value of matrix K is constant on a given stiffness assignment, matrix Λ can be treated as a scaling matrix and then its diagonal entry γ i (i=1, 2, …, b) is defined as the DSI. It is found that because of the idempotent matrix Λ, the range of each DSI is between zero and one, and the sum of DSIs is equal to the total degree of static indeterminacy. This finding implies that the DSI can reflect the contribution of each element to the static indeterminacy. Nevertheless, the applicability of this formula is limited to the kinematically determinate case, due to the singularity of matrix AKA T in the other case.
A unified method based on equilibrium matrix theory
To avoid this limitation, a unified method for the DSI will be adapted from Tibert (2005a)'s study and revised with necessary clarifications. Based on equilibrium matrix theory, the unified method intends to extend the range of applicability to include the kinematically indeterminate assemblies. At the start of this derivation, the equibrium matrix A is decribed by the singular value decomposition (SVD) as
where matrix R 1 =diag(μ 1 , μ 2 , …, μ r A ) in which r A is the rank and μ is the non-zero singular value of matrix A; U ( (3n−c)×(3n−c) ) is the left orthogonal matrix, and V ( b×b ) is the right orthogonal matrix. Both orthogonal matrices are implicitly normalized in this process, and can be partitioned into two submatrices:
where matrix S ( b×s ) collects the basic bases for self-stress modes and s=b−r A is the total degree of static indeterminacy; matrix M ( (3n−c)×m ) comprises the basic bases for mechanisms and m=3n−c−r A is the total degree of kinematic indeterminacy. Then, a general expression for element forces t can be
where matrix A + stands for the generalized inverse of matrix A, and α=[α 1 , α 2 , …, α s ]
T is the coefficient vector of s independent self-stress modes.
For a statically indeterminate assembly, a specific vector α can be determined by a set of s compatibility equations. As the element elongations e are composed of two orthogonal parts, i.e., the compatible and the incompatible elongations (Pellegrino and Calladine, 1986) , when not considering the effect of external loads these compatibility equations can be written as
At the end, the element forces t concerned herein, i.e., the part t e 0 caused by initial elongations, can be obtained by substituting Eq. (14) into Eq. (12) and ignoring the external loads f:
Similarly, matrix Ω is also a scaling matrix that shows the relevance of the element force variation to the initial element elongations. It is easy to prove that the idempotence of matrix Ω, which means the trace of this matrix, is equivalent to its rank, namely, the total degree of static indeterminacy s. In view of this, the diagonal entry γ i (i=1, 2, …, b) of matrix Ω can be interpreted as the DSI. Moreover, since matrix S T FS in Eq. (16) is always positive definite, this formula is applicable to either kinematically determinate or indeterminate assemblies. It is apparent that the improved formula has a wider range of applicability than the previous one.
A comparison of both methods
Two analytical methods for the DSI have been provided, but they are suitable for different ranges. Accordingly, a comparison in the kinematically determinate case (where both methods are valid) is obviously necessary in search for their inherent correlation, i.e., whether both methods are essentially identical. Firstly, as matrix U r A in Eq. (11) is guaranteed to be non-singular under this condition, matrix Λ in Eq. (8) can be transformed as
where V r A R 1 ( b×r A ) is a matrix that comprises the sets of compatible elongations corresponding to the modes of extensional displacements U r A . Matrix Ω in Eq. (16) can be rearranged as
where FS ( b×s ) stands for a matrix that contains the modes of incompatible elongations resulting from the self-stress modes S. A comparison between these matrices can be performed by
The above equation manifests that under this condition, matrix Ω is equal to matrix Λ. This comparison reveals that in spite of the different formulations, these methods describe the inherent properties of assemblies in the same way. In other words, the results obtained by these formulas are the same. 
K(FS).
This finding implies that from the structural standpoint, the initial elongation e 0 can be equilibrated at the current configuration in two distinct ways: deforming the compatible element elongations V r A R 1 and altering the element forces S.
Applications of DSI
According to the definition of the DSI, the sum of all elements' DSI is equal to the total degree of static indeterminacy s, showing good agreement with the (modified) Maxwell's rule. This definition suggests that DSI is a basic indicator that reflects the combined effect of the geometry, topology, and stiffness from the standpoint of each element. Notably, it is representative of the symmetric properties; the elements at symmetrical locations are supposed to possess the same DSI value.
In light of the different DSI values, all elements of the given assembly can be grouped into w parts with c k elements in the kth group, which can be adopted as a grouping criterion. To confirm the validity of this criterion, the essence of the DSI will be elucidated from a mathematical viewpoint. For brevity, assuming the diagonal flexibility matrix F=I (b×b) , matrix Ω in Eq. (16) could be rewritten as 
where i  s (i=1, 2, …, b) denotes the ith row vector of matrix S. 2 i  s stands for its Euclidean that is characteristic of geometric property. As a result, a new formula for DSI can be expressed in terms of Euclidean norms:
which conforms to the definition of DSI. It is observed that in accordance with the symmetric properties, the Euclidean norms 2 i  s of the elements in one group are identical to each other, regardless of different stiffness assignments. Consequently, these identical Euclidean norms may account for the validity of the proposed criterion, ensuring that symmetrical elements always have the same DSI value.
This grouping criterion using the symmetric properties can be employed into a specific force finding method entitled double singular value decomposition (DSVD) (Yuan et al., 2007) . Since the efficiency of the DSVD method is directly related to the means of group division, the proposed criterion guaranteeing a proper grouping proves to be simpler and more efficient, in contrast to the previous criteria that achieve a proper group division by iteratively changing the number of groups (Tran and Lee, 2010; 2013; Tran et al., 2012; Lee et al., 2014) . Additionally, it can be inferred that by means of this criterion, specifically, via different stiffness assignments, this improved DSVD method can allow designers more freedom in the initial force design (or force finding).
Apart from the improved DSVD method, the DSI can also be used to demonstrate the influence of the surrounding elements on a specified element. Choosing a single element i that is subjected to an initial elongation e 0i , the resulting element force and the elongation are respectively: 0 , 1 ,2, , ,
0 , 1 ,2, , ,
where shortenings (e 0i <0) create tension, and extensions (e 0i >0) give rise to compression. For the specified element, its opposite ends are assumed to be completely fixed if the DSI value is equal to one, whereas this element is free to elongate if the value equals zero. As suggested by prior studies, the DSI is closely connected to the robustness (or vulnerability) analysis as well as structural sensitivity theory. In the context of robustness analyses, the DSI is complementary to the stiffness-based importance index λ, for example, γ i =1−λ i for element i. This finding means that for a single element, its importance to load-bearing capacity becomes lower as the DSI value increases.
From the perspective of structural sensitivity, the DSI can be applied to evaluate the behaviors of the elements triggered by the initial elongations, such as length imperfections or thermal strains. It is observed from Eq. (8) or Eq. (16) that for an entire assembly, if the DSI of one element is larger than that of another, this element is more sensitive to the input of initial elongations. This indicates a new way to determine how accurately a cable-strut structure should be manufactured, in which a greater DSI leads to a higher accuracy requirement for elements.
Distributed kinematic indeterminacy
As mentioned above, the distributed indeterminacy evaluation of flexible structures considering the effect of component stiffness is discussed here from the aspect of the DSI and that of the DKI. For the concept of the DSI, it has been elaborated in the foregoing section; subsequently, an evaluable method for the DKI will be first proposed and then its interpretation and potential applications will be provided in detail.
Mathematical formula for DKI
In analogy to the unified method for the DSI, the mathematical formulation for the DKI will focus on the relationship between the nodal displacements d and the external loads f. In the finite element (FE) method, the external loads f can be written as
Matrix K s is the tangent stiffness matrix that consists of the stress matrix (or geometric stiffness matrix) Z and the material stiffness matrix AĜA T with Ĝ=diag(g 1 , g 2 , …, g i , …, g b ), where g i is the modified axial stiffness of element i (Guest, 2006; Sultan, 2013; Zhang et al., 2014) . As cable slacking is beyond the scope of this study, matrix Z is presumed to be invertible for simplicity.
Meanwhile, a general expression of nodal displacements d can be expressed as
where matrix B + is the generalized inverse of matrix B and vector β is the coefficient vector of m mechanisms. Assuming that this assembly forbids any kind of element elongation, the nodal displacements d discussed herein are in fact the rigid body displacements and can be reduced to
Although the values of vector β are arbitrary, for a kinematically indeterminate assembly, a specific vector β can be determined by a set of m equilibrium equations. As the external loads f contain two orthogonal portions (Pellegrino and Calladine, 1986) , these equilibrium equations can be obtained by
where matrix M mentioned previously can also represent the basic bases for the external loads that cannot be equilibrated at the current configuration, while the expression (f−K s Mβ) stands for the external loads that can be equilibrated. Since matrix M is the null space of matrix B=A T , substituting Eq. (26) into Eq. (29) and rearranging can yield the coefficient vector β as follows:
In the absence of any element elongation, the nodal displacements d, i.e., the rigid body displacements, can be achieved by substituting Eq. (30) into Eq. (28):
where N=Z −1 and
Eq. (31) gives a description about the rigid body movements, where the rigid body displacements are linked by matrix Φ to the external nodal loads. Since matrix Φ is an idempotent matrix, the trace of this matrix is equivalent to its rank, namely, the total degree of kinematic indeterminacy m. This implies that its diagonal entry can illustrate the contribution of each node to the total kinematic indeterminacy in terms of different directions. Similarly, the diagonal entry η j (j=1, 2, …, 3n−c) of matrix Φ is defined as the DKI.
Applications of DKI
A conclusion that can be drawn is that because the DKIs of all nodes amount to the total degree of kinematic indeterminacy m, the concept of the DKI is consistent with the (modified) Maxwell's rule. This conclusion suggests that as a basic indicator in which the geometry, topology, and geometric stiffness are integrated, the DKI unveils the contribution of each node to the kinematic indeterminacy of an entire assembly in terms of different directions.
In fact, the kinematic indeterminacy studied in this paper corresponds to the degree of freedom (DoF) in kinematics. These findings indicate that the DoF of each node can be assigned to different directions by the DKI. In other words, the DKI can be applied to assess the nodal mobility of an assembly in every equilibrium configuration. The DKI value reveals the possibility of nodal deformation in x-, y-, or z-direction, while the sign represents the relationship between the directions of nodal displacements and external loads. Generally, this application is valid under the scope of small strains and deformations.
However, there is a good chance that with respect to a specified direction, the DKI values of the nodes at symmetrical locations are different. To address this issue, the summation of a node's DKIs χ h (h=1, 2, …, n) can serve as another indicator for the total mobility of each node. The χ h values of symmetrically located nodes are always the same, irrespective of what coordinate system is chosen to describe the geometry of this assembly.
Additionally, Eq. (31) concerning the rigid body movements controlled by the external loads, can correlate the DKI with the form transforming study of deployable space structures. As stated in the relevant references (Chen et al., 2000; Chen and Zhang, 2006) , the structural configuration of every moment can be written as
where function x(t) depicts the nodal coordinates at the time t, vector η 0 contains arbitrary and small coefficients and scalar ∆t represents the time increment. Note that vector Mη 0 M T f∆t can be interpreted as the rigid body displacements during an increment ∆t, while the rigid body displacements d during a unit increment (∆t=1) are provided by Eq. (31). Hence, as the definitions of matrix M and vector f remain the same throughout this study, it can be concluded that
where η=[η 1 , η 2 , …, η 3n−c ] T and η j is the DKI of component j. This equation implies that the DKI can provide a suitable vector η 0 for the form transforming study. In addition, the vector η formed by the DKI can satisfy the mobility criterion that deployable structures get to a steady state, when the external load vector is orthogonal to the mechanism vector.
Examples
An algorithm coded by Matlab 2014B is developed for the distributed indeterminacy evaluation as shown in Fig. 1 . Three examples of cable-strut structures, including a Geiger dome, a Levy dome, and a tensegrity simplex will be investigated through this algorithm. In these examples, flexible structures are modelled as a set of weightless tensile cables and compressive struts connected by frictionless pin-joints. 
Example 1
A Geiger cable dome comprising 49 elements and 26 nodes (eight completely fixed boundary nodes), as illustrated in Fig. 2 , is a statically and kinematically indeterminate assembly owning four independent self-stress modes and nine mechanisms. To depict its geometry clearly, a Cartesian coordinate system xyz is shown in Fig. 2a and the material parameters are listed for different kinds of elements in Table 1 .
At the beginning of this evaluation, the DSI of every element was calculated and is listed in Table 2 . The aggregate of these DSIs was equal to the total degree of static indeterminacy s=4.0000, which is in good agreement with the (modified) Maxwell's rule. In light of the different DSI values, the given Geiger dome was divided into seven groups (Table 2) corresponding to its symmetric properties. It can be concluded that if the stiffness assignment is changed, another different group division could be gained by means of the new static indeterminacy distribution. Since the DSI is representative of symmetric properties, this grouping criterion can be considered as a simple but efficient way to achieve a proper grouping for the DSVD force finding method.
Furthermore, Table 2 shows that the DSI of the outer ridge cables was 0.2826, which was larger than those of the others, whereas the DSI of the outer struts was only 0.0002, which was smaller than the others. This indicates that the outer ridge cables were more sensitive to the imperfections and should be manufactured more accurately, and that as outer struts were of greater importance to the load-bearing capacity, the removal of an outer strut was likely to trigger a larger damage to this assembly.
On the other hand, Table 3 presents the DKI and the χ h values for all nodes of this assembly. As detailed in Table 3 , the sum of all DKI values is equal to the degree of kinematic indeterminacy m=9.0000; the maxima χ h =1.0000 were at the connection nodes between the inner and the outer ridge cables, while the minima χ h =0.0000 were at the opposite ends of the center strut. It can be found that the symmetrically located nodes always have the same χ h values regardless of the different DKI values. These results suggest that due to the highly latent mobility of these nodes, special attention should be paid to the nodes ⑦, ⑧, and those at symmetrical locations.
Example 2
As plotted in Fig. 3 , a Levy cable dome is made of 49 elements and 20 nodes; among these nodes, there are six totally restrained boundary nodes. It is assumed that this assembly has the same material parameters as the above Geiger dome. In the current configuration, this assembly was a kinematic determinate assembly having four independent self-stress modes and zero mechanisms.
As a kinematic determinate assembly, the DSI of this assembly can be calculated by two distinct methods as proposed above. The computed DSIs of all elements are detailed in Table 4 , the sum of which was 4.0000, i.e., the total degree of static indeterminacy.
As expected, the results of both methods are identical, confirming the inherent correlation between these methods. With these different DSI values, all elements of this assembly can be packed into six groups. Moreover, the maximum value was 0.1269 in the hoop cables, while the minimum was 0.0008 in the outer struts. This finding indicates that the hoop cables are more sensitive to the imperfections and should be manufactured more accurately, and that the outer struts are more important for the load-bearing capability. In comparison to the Geiger dome given above, they had different kinds of the most sensitive components, but the same kind of most important elements (in terms of the loadbearing capability). Fig. 4 illustrates a tensegrity simplex consisting of 16 elements and eight nodes; a Cartesian coordinate system xyz is chosen in Fig. 4a ; the top square and the bottom square of this simplex are assembled with a specific twist angle β=45°; the radius of its circumcircle r and the height h are 0.707 m and 1.000 m, respectively. It was found that this freestanding assembly had one self-stress mode and nine mechanisms containing three internal mechanisms and six rigid body mechanisms.
Example 3
After eliminating rigid body mechanisms, the DSI and the DKI were calculated and are listed in Tables 5 and 6 , respectively. A similar observation, recorded in both Tables 5 and 6, was that the sum of DSI values and that of DKI were equal to the degree of static indeterminacy s=1.0000 and that of kinematic indeterminacy m=3.0000, respectively. As shown in Table 5 , this assembly can be classified into three groups by means of these DSIs. Furthermore, elements 13-16 had the largest DSI (0.1367), and elements 1-4 had the smallest DSI (0.0203). This means that elements 13-16 were more sensitivity to the imperfections, and that compared with the others, elements 1-4 were relatively important for the load-bearing capacity. In the DKI aspect, all nodes of this assembly owned the same χ h =0.3750, indicating that all nodes had the same mobility no matter what coordinate system had been chosen to depict its geometry.
Conclusions
This paper is mainly concerned with distributed indeterminacy evaluation including the DSI and the DKI; its key objective is to provide reasonable interpretations and feasible applications in engineering.
A unified method for the DSI was proposed and then a comparative study between it and an existing method was conducted. Unlike the existing method, m the proposed one avoids the problems of singularity and therefore has a wider range of applicability, which means this method is applicable to either kinematically determinate or indeterminate assemblies. This comparison also reveals that despite the fact that these methods are suitable for different ranges, they are essentially identical in the kinematically determinate case. As a basic indicator of structural properties, the DSI can be used to assess the structural sensitivity as well the robustness (or vulnerability). Most notably, since the DSI is representative of symmetric properties, a simple but efficient grouping criterion can be established in the light of the DSI, which can improve the efficiency of the DSVD force finding method and allow more freedom for designers in the initial force design.
Another important aspect of this study is that to the best of our knowledge this is the first study to establish an evaluable method for the DKI, i.e., the complementary concept of the DSI. This method indicates that the DKI is a useful indicator for the assessment of nodal mobility and can propose a feasible solution to the form transforming study.
